We call a manifold with torsion and nonmetricity the metric-affine manifold. The nonmetricity leads to a difference between the auto parallel line and the extreme line, and to a change in the expression of the Frenet transport and moving basis. The torsion leads to a change in the Killing equation. We also need to add a similar equation for the connection.
Introduction
Close relationship between the metric tensor and the connection is the basis of the Riemann geometry. However, we observe a new perspective if we assume that the metric tensor and the connection are independent. The connection is not necessarily symmetric and the covariant derivative of the metric tensor may be different from 0. In former case we have the torsion that is defined by equation
In latter case we introduce the nonmetricity
We call such manifold the metric-affine manifold [1] . The metric-affine manifold appears in different physical applications. In particular there are models that develop ideas of general relativity [1, 2, 3, 4, 5] and assume a torsion or a nonmetricity. This is why I devoted this paper to the geometry of the metric-affine manifold. Independence of the metric tensor and the connection allows us to see which object is responsible for different phenomenon in geometry and therefore in physics.
In particular we have a few different definitions of a geodesic curve in the Riemann manifold. In a metric-affine manifold these two definitions lead to different lines: auto parallel and extreme ( [6] and section 8). The change of geometry influences the second Newton law which we study in section 11. I show in theorems 10.1 and 11.1 that a free falling particle chooses an extreme line transporting its momentum along the trajectory without change.
A measurement of a spatial interval and a time length is one of the major tasks of general relativity. This is a physical process that allows the study of geometry in a certain area of spacetime. The observer uses an orthonormal frame in a tangent plane as his measurement tool because an orthonormal frame leads to the simplest local geometry. When the observer moves from point to point he brings his measurement tool with him. Learning of parallel transport in space with nonmetricity allows us to introduce Cartan transport (section 10) which appears valuable tool in dynamics (section 11).
Torsion
In coordinate form we can write connection as
Where ω a cb is the anholonomity object [11] . Putting (2.1) and (2.2) into (1.1) we get
Therefore we get coordinates of the torsion tensor
Geometrical Meaning of Torsion
Suppose that a and b are non collinear vectors in a point A (see figure 3.1). We draw the geodesic L a through the point A using the vector a as a tangent vector to it in the point A. Let τ be the canonical parameter on L a and
We transfer the vector b along the geodesic L a from the point A into a point B that defined by any value of the parameter τ = ρ > 0. We mark the result as b ′ . We draw the geodesic L b ′ through the point B using the vector b ′ as a tangent vector to it in the point B. Let ϕ ′ be the canonical parameter on L b ′ and
We define a point C on the geodesic L b ′ by parameter value ϕ ′ = ρ Now we draw the similar geodesics in opposite order. We draw the geodesic L b through the point B using the vector b as a tangent vector to it in the point A. Let ϕ be the canonical parameter on L b and
We transfer the vector a along the geodesic L b from the point A into a point D that defined by any value of the parameter ϕ = ρ > 0. We mark the result as a ′ . We draw the geodesic L a ′ through the point D using the vector a ′ as a tangent vector to it in the point D. Let τ ′ be the canonical parameter on L a ′ and dx k dτ ′ = a ′k We define a point E on the geodesic L a ′ by parameter value τ ′ = ρ
Formally lines AB and DE as well as lines AD and BC are parallel lines. Lengths of AB and DE are the same as well as lengths of AD and BC are the same. We call this figure a parallelogram based on vectors a and b with the origin in the point A. Suppose CBADE is a parallelogram with a node in the point A; then the resulting figure will not be closed [6] . The value of the difference of coordinates of points C and E is equal to surface integral of torsion over this parallelogram 1
Proof. We can find an increase of coordinate x k along any geodesic as
where τ is canonical parameter and we take values of derivatives and components Γ k mn in the initial point. In particular we have
along the geodesic L a and
with precision of small value of first level. Putting (3.3) into (3.2) and (3.2) into (3.1) well receive
1 Proof of this statement I found in [9] 
NONMETRICITY
Common increase of coordinate x K along the way ABC has form
Similar way common increase of coordinate x K along the way ADE has form
For small enough value of ρ underlined terms annihilate each other and we get integral sum for expression
However it is not enough to find the difference
to find the difference of coordinates of points C and E. Coordinates may be anholonomic and we have to consider that coordinates along closed loop change [11] 
where ω is anholonomity object. Finally the difference of coordinates of points C and E is
Using (2.4) we prove the statement.
Nonmetricity
More interesting issues arise when we study metric properties of manifold. Due to the fact that derivative of the metric tensor is not 0, we cannot raise or lower index of a tensor under derivative as we do it in regular Riemann space. Now this operation changes to next a i ;k = g ij a j;k + g ij ;k a j This equation for the metric tensor gets the following form g ab ;k = −g ai g bj g ij;k
Killing vector
Invariance of the metric tensor g under the infinitesimal coordinate transformation x ′k = x k + ǫξ k leads to the Killing equation ξ k ;a g kb + ξ k ;b g ka + S l ak g lb ξ k + S l bk g la ξ k + g ab;k ξ k = 0 However it looks like for the metric-affine manifold the Killing equation is not a sufficient condition for homogeneity of event space. We need to write a similar condition for the connection as well.
We call this equation the Killing equation of second type.
Connection of Submanifold
If we study a submanifold V n of a manifold V n+m , we see that the immersion creates the connection Γ α βγ that relates to the connection in space as Γ α βγ e l α = Γ l mk e m β e k γ + ∂e l β ∂u γ Therefore there is no smooth immersion of a space with torsion into the Riemann space.
Derivative equation has the form
where vectors e β are tangent to V n and vectors e a , n < a ≤ n + m are orthogonal to V n . A is a tensor on V n .
Bianchi identity
If we get a derivative of the form (1.1) we will get the first Bianchi identity for space with torsion [5] DT a = Ω a c ∧ θ c Similarly a curvature is defined by form
If we get a derivative of form (7.1) we will see that the second Bianchi identity does not depend on the torsion.
Line with extreme length
There are two different definitions of a geodesic curve in the Riemann manifold. One of them relies on the parallel transport. We call an appropriate line auto parallel. Another definition depends on the length of trajectory. We call an appropriate line extreme. In a metric-affine manifold these lines have different equations [6] . Equation of auto parallel line does not change. However, the equation of extreme line changes 2 .
Lemma 8.1. Let x i = x i (t, α) be a line depending on a parameter α with fixed points at t = t 1 and t = t 2 and we define its length as
where δx k is the change of a line when α changes.
Proof. We have
We can estimate the numerator of this fraction as
First term is 0 because points, when t = t 1 and t = t 2 , are fixed. Therefore, we have got the statement of the lemma. Knowledge of the transport of a frame along a line is very important, because it allows us to study how spacetime changes when an observer moves through it. Our task is to discover equations similar to the Frenet transport in the Riemann space. We design the accompaniment frame ν i k the same way we do it in the Riemann space.
Theorem 9.1. The Frenet transport in the metric-affine manifold gets the form
We introduce vectors ν a k in this way that
where a q p = 0 when q > p + 1. Now we can determine coefficients a q p . If we get derivative of the equation g ij ν i p ν j q = const and substitute (9.2) we get the equation
a + +ǫ a a a b = 0 a q p = 0 when q > p + 1 by definition. Therefore a q p = 0 when q < p − 1. Introducing ξ p = a p+1 p we get a p p+1 = −ǫ p ǫ p+1 ξ p When q = p we get a p p = 0 We get (9.1) when substitute a q p in (9.2) Theorems 8.2 and 9.1 show that the movement along a line causes an additional to the parallel transport transformation of a vector. This transformation is very important and we call it the Cartan transport. We introduce the Cartan symbol Γ(C) i kl = 1 2 g im (g kl;m − g km;l − g ml;k ) and the Cartan connection
Using the Cartan connection we can write the Cartan transport as
Theorem 10.1. The Cartan transport along an extreme line holds length of the tangent vector.
Proof. Let v i = dx i ds be the tangent vector to an extreme curve. It follows from theorem 8.2 that
Therefore the length of the vector v i does not change along the extreme curve.
We extend the Cartan transport to any geometrical object like we do for the parallel transport.
Theorem 10.2.
g km (g il;m − g im;l − g ml;i )g kj + 1 2 g km (g jl;m − g jm;l − g ml;j )g ik = 0
Newton's laws
The knowledge of dynamics of a point particle is important for us because we can study how the particle interacts with external fields as well as the properties of the particle itself.
To study the movement of a point particle we can use a potential of a certain field. The potential may be scalar or vector.
In case of scalar potential we assume that a point particle has rest mass m and we use lagrangian function in the following form
where U is scalar potential or potential energy.
Theorem 11.1. (First Newton law ) If U = 0 (therefore we have free movement) a body chooses trajectory with extreme length.
Theorem 11.2. (Second Newton law ) A trajectory of point particle satisfies the differential equation
F l = g il ∂U ∂x i Proof. Using (8.2), we can write variation of the lagrangian as 1 2 mc (g kl;i − g ik;l − g il;k ) u k u j ds − mcg ij Du j + ∂U ∂x i dx 0 = 0 The statement of the theorem follows from this.
In case of vector potential A k action is
Theorem 11.3. The trajectory of a particle moving in the vector field satisfies the differential equation
CONCLUSION
where we introduce a field-strength tensor
Using (8.2), we can write the variation of the action as
We can estimate the second term like
The integral of the underlined term is 0 because points, when t = t 1 and t = t 2 , are fixed. Therefore
The statement of the theorem follows from this.
Theorem 11.4. A field-strength tensor does not change when a vector potential changes like
Proof. Change in a field-strength tensor is
This proves the theorem.
Conclusion
The effects of torsion and a nonmetricity are cumulative. They may be small but measurable. We can observe their effects not only in strong fields like black hole or Big Bang but in regular conditions as well.
To test if the spacetime has the torsion we can test the opportunity to build a parallelogram in spacetime. We can conduct such test in Bose-Einstein condensat or any other thread (like strong electromagnetic field) that has large spin. We can get 2 particles or 2 photons that start their movement from the same point and using a mirror to force them to move along opposite sides of the parallelogram. We can start this test when we do not have condensat and then repeat it in its presence. If particles meet in the same place or we have the same interference then we have torsion equal 0 in this thread. In particular, the torsion may influence the behavior of virtual particles.
To test if the spacetime has a nonmetricity we can measure a deviation of an extreme line from an auto parallel line or a deviation of unit vector of speed from its parallel transport.
However discovery of the Cartan transport dramatically changes our concept. Measurement of spatial interval and time length is a physical process that allows learning geometry in a certain area of spacetime. The Cartan transport holds the frame orthonormal and this makes it valuable tool because the observer uses an orthonormal frame as his measurement tool.
The question arises from this conclusion. We can change the connection as we show above. Why we need to learn manifolds with an arbitrary connection and the metric tensor? First of all, the learning of the metric-affine manifold shows why everything works well in the Riemann manifold and what changes in a general case. Also physical constraints that appear in a model may lead to appearance of a nonmetricity [4, 7, 8] . Because the Cartan transport is the natural mechanism to conserve orthogonality we expect that we will interpret a deviation of the test particle from the extreme line as a result of an external to this particle force 3 . In this case the difference between two types of a transport becomes measurable and meaningful. Otherwise another type of a transport is not observable and we can use only the transport compatible with metric. I see here one more opportunity. As follows from the paper [7] the torsion may depend on quantum properties of matter. However the torsion is the part of the connection. This means that the connection may also depend on quantum properties of matter. This may lead to breaking of the Cartan transport. However this opportunity demands additional research. 3 For instance if we extend the definition (11.2) of a force to a general case (11.1) we can interpret a deviation of a charged particle in electromagnetic field as result of the force F j = e cu 0 g ij F li u l The same way we can interpret a deviation of the auto parallel line as the force 
